We have developed a senior undergraduate experiment that illustrates frequency stabilization techniques using radio-frequency electronics. The primary objective is to frequency stabilize a voltage controlled oscillator to a cavity resonance at 800 MHz using the Pound-Drever-Hall method. This technique is commonly applied to stabilize lasers at optical frequencies. By using only radiofrequency equipment, it is possible to systematically study aspects of the technique more thoroughly, inexpensively, and free from eye hazards. Students also learn about modular radiofrequency electronics and basic feedback control loops. By varying the temperature of the resonator, students can determine the thermal expansion coefficients of copper, aluminum, and super invar.
I. INTRODUCTION
The Pound-Drever-Hall technique is commonly used to frequency stabilize lasers to optical cavity resonances. It was originally developed by Pound 1 for the frequency stabilization of microwave oscillators, and adapted to the optical domain by Drever et al. 2 In brief, the source to be stabilized is frequency modulated. A diode detector (a photodiode in the optical domain) detects the reflection of the modulated source from a cavity. If the source is slightly detuned from a resonance, the diode detector signal will contain a component at the modulation frequency. When the source is on resonance, no component is observed at the modulation frequency. By mixing the diode signal with the modulation source, we can obtain a suitable error signal for feedback control of the oscillator frequency (zero on resonance, positive on one side and negative on the other.) High bandwidth and a large capture range have made this technique popular for laser frequency stabilization in research laboratories. The technique is now rarely used for the stabilization of lowerfrequency (microwave) oscillators, where a variety of alternative techniques exist.
Black 3 has written a pedagogical article on the basic theory of the Pound-Drever-Hall technique and an undergraduate experiment has been developed by Boyd et al. 4 to demonstrate laser frequency stabilization using the technique. A detailed guide to its implementation in a research context is available in Ref. 5 .
The availability of inexpensive modular radio-frequency (RF) components has allowed us to develop a senior undergraduate experiment, which is similar in spirit to the optical implementation of Pound-Drever-Hall, but which uses RF electronics rather than optical equipment. The three main pieces of equipment are a commercial voltage controlled oscillator, a resonating cavity, and an integrating control circuit.
The essence of the Pound-Drever-Hall technique is the phase change in the cavity reflection coefficient as the frequency passes through a resonance. With RF electronics, it is straightforward to directly observe this phase shift using an unmodulated source. This observation is the basis of the interferometric cavity locking techniques sometimes applied in the microwave regime. 6 By directly observing the phase shift (which is difficult in the optical domain due to the short wavelengths), the basis of the Pound-Drever-Hall technique is reinforced. Radio frequency electronics also provide a systematic way to vary the extent of source modulation and the cavity coupling.
The experiment begins by observing the relation between the input voltage and the output frequency, which is known as the tuning curve of the voltage controlled oscillator. The cavity resonance is then observed by scanning the frequency of the voltage controlled oscillator and measuring the power reflected from the cavity. Different coupling conditions can also be tested at this time. The real and imaginary parts of the reflection coefficient are investigated by mixing the reflected signal with a phase-shifted portion of the original signal to create a dispersion-like error signal, which can be used to frequency stabilize the voltage controlled oscillator. The modulation properties of the voltage controlled oscillator are then investigated, and the relation between the modulation voltage, the tuning curve, and the strength of the frequency sidebands is confirmed. Once the modulation is understood quantitatively, the Pound-Drever-Hall technique is implemented, and plots of the error signal as a function of the detuning of the oscillator from the cavity resonance are obtained.
In the final step, the voltage controlled oscillator is frequency stabilized using the Pound-Drever-Hall error signal. Locking can be verified by changing the temperature of the cavity and recording the stabilized frequency change using a frequency counter. The relation between the frequency and temperature can be used to determine the linear thermal expansion coefficient of copper. By changing the inner conductor, it is also possible to measure the expansion coefficients of aluminum and super invar. In Secs. II-IX, we explain these aspects of this experiment in more detail.
II. RESONATING CAVITY
The resonating cavity shown in Fig. 1 consists of a k/4 length coaxial transmission-line of 77 X characteristic impedance, with one end shorted and the other open-circuited. Although we refer to it as a "cavity," the current node end is left open allowing both visual inspection and the inner cylinder to be easily changed. The length of the inner cylinder is one quarter of the desired resonant wavelength corresponding to 800 MHz. The resonant frequency is dictated by the availability of a suitable voltage controlled oscillator and cavity dimensions which are convenient for handling and inspection by students. The coaxial cavity type was chosen because it is similar to familiar resonating systems, such as transverse waves on strings. This configuration also allows us to observe the thermal expansion of the inner conductor because the resonant frequency is primarily determined by the length of the inner cylinder. The inner cylinder can also be changed to observe the thermal expansion of different materials.
Two holes for coupling loops are drilled in the cavity lid midway between the inner cylinder and the edge of the outer cylinder. The loops consist of 26 AWG copper wire attached to SMA connectors by soldering one end to the center pin and the other to ground. The SMA connectors are inserted into brass cartridges which fit into the holes in the lid (voltage node). The cartridges are labeled so that the angle of rotation can be read.
The two loops are approximately 0.3 cm 2 and 4 cm 2 in area. The larger loop is used to couple power into the cavity, and the smaller loop is used to detect power from the cavity. The size of the large loop is dictated by the requirement that under, critical, and over coupling be observable by rotating the loop cartridge. The other loop is small to reduce its impact on the quality factor.
The unloaded quality factor of this cavity, Q U % 700, is small compared with literature values [Ref. 7, Eq. (70) gives Q U % 10800]. We have constructed a similar cavity for research purposes 8 with a single threaded hole for an SMAbased coupling loop and have verified that the discrepancy is primarily due to the brass cartridges. However, the large, easily adjustable coupling loops, and the relatively small Q U are advantageous for this experiment.
III. RESONANCE
The experiment is based on a voltage controlled oscillator (Minicircuits, ZX95-850-Sþ) which has a central frequency which approximately matches the resonant frequency of the cavity (%800 MHz) and a modulation bandwidth much greater than the Pound-Drever-Hall modulation frequency (%10 MHz). To observe the cavity resonance, a ramp function is applied to the tuning port of the voltage controlled oscillator, while the output is connected to the large coupling loop through an isolator and then circulator. The signal that reflects from the cavity exits the circulator and is amplified before entering a detector diode followed by a 5 kX resistor in parallel to ground. The diode voltage is observed using an oscilloscope.
The detector diode voltage to power relation was measured and is provided to the students. This relation depends on the load that the diode is driving. A 5 kX parallel load resistor is used to ensure that the load is consistent between different oscilloscopes.
The students are asked to explore over, under, and critical coupling by varying the angle of the input coupling loops, with critical coupling being characterized as having the smallest reflected power on resonance. Once critical coupling is found and the loops are secured in this position, the reflected signal is analyzed to find the loaded quality factor, Q L , of the cavity (see Fig. 2 ). To determine this value, a model for the reflection coefficient of the cavity must be determined.
The reflection coefficient of a one-port 9 is defined as C R ¼ṽ À =ṽ þ , whereṽ þ andṽ À are phasors representing the incident and reflected traveling wave amplitudes at the location of the one-port. (We use $ to signify phasor quantities.) If an impedance Z is driven through a transmission line of characteristic impedance Z 0 , the reflection coefficient can be calculated to be
A cavity coupled to a transmission line can be modeled as a lumped element resonant circuit of total impedance Z in the vicinity of a resonance, allowing its reflection coefficient to be calculated using Eq. (1). Although the equivalence of the lumped circuit model can be established under general conditions, 10 a heuristic motivation specific to our situation will be given here.
Near resonance, the voltage node end of a k/4 coaxial resonator behaves like a series LCR resonant circuit-a large amount of current flows for a small oscillating voltage applied between the inner and outer conductors. The input coupling loop interacts primarily with the oscillating magnetic field at this end, so we model the coupling using a nonideal transformer, as shown in Fig. 3 . The secondary of the transformer is assumed to be part of the LCR resonator. (We ignore the second smaller loop in our cavity and assume that its contribution to cavity loss can be incorporated into Q U .)
If we use the phasor relations
for the transformer (see Fig. 3 ) where M is the coupling coefficient, and
we find that Z ¼Ṽ P =Ĩ P is given by
is the angular frequency at resonance. We define Dx ¼ x -x 0 , assume Dx=x j j( 1, and simplify the expression for Z as
Equation (6) can be interpreted as equivalent to the impedance of a parallel LCR circuit near resonance, with a resist-
so that by using Eqs. (6) and (1), C R may written as
where
is a phase factor of unit magnitude, and Dx 0 ¼ Dx -xx 0 jL P /(2Q U Z 0 ). This frequency shift due to coupling is small, and we will assume that Dx 0 ¼ Dx. We estimate the impedance of L P to have a magnitude of 300 X at 800 MHz, 12 which is comparable with Z 0 (50 X). Hence, L P contributes a significant phase to the overall reflection coefficient. This additional phase can be compensated for by introducing the appropriate phase change by an adjustable delay line. To simplify the following discussion of phase, we define a phase-shifted reflection coefficient
When looking at the reflected power we are interested in
For critical coupling j ¼ 1, and |C R | 2 ¼ 0 at resonance. Under coupling corresponds to j < 1 and over coupling to j > 1. If we define the loaded quality factor Q L : x 0 /dx, where dx is the full-width half-maximum of the resonance, we find from Eq. (9) that Q L ¼ Q U /(j þ 1). Thus, critical coupling (j ¼ 1) is a particularly convenient configuration for the determination of Q U , and it is straightforward to experimentally identify (|C R | 2 ¼ 0 at resonance; see Fig. 2 ). The rest of the experiment is done with critical coupling to simplify the derivations.
The expression for the reflection coefficient C is analogous to the optical case, 3 provided that the optical cavity finesse is sufficiently high.
IV. REFLECTION COEFFICIENT
The Pound-Drever-Hall technique is sensitive to how the real and imaginary parts of the reflection coefficient C vary with frequency near resonance. In particular, it is significant that the imaginary part of C is anti-symmetric about the resonance and falls to zero away from the resonance. In contrast, the real part of C is symmetric about the resonance and approaches -1 away from resonance.
Students can observe the imaginary and real parts of the reflection coefficient C by mixing the reflected signal with a phase-shifted version of the incident signal (the reference). The technique is illustrated in Fig. 4 . An adjustable coaxial air delay line (General Radio Co. 874-LA) is used to set the relative phase between the reference and reflected signals.
(The delay line can be replaced with a phase shifter if the instructions are modified to accommodate the phase shifter's mechanism for changing the phase.) With the loop detached from the cavity, the reference phase for the detection of Re(C) can be set by adjusting the length to produce the largest negative dc output signal from the mixer. When the cavity is reattached, the mixer output will indicate Re(C), as shown in Fig. 5 . When the length of the adjustable delay line is increased or decreased by k/4, the mixer output will indicate Im(C) or -Im(C), respectively, which is also shown in Fig. 5 . The dispersion-like signal for Im(C) is suitable as an error signal to frequency stabilize the voltage controlled oscillator (sometimes known as interferometric locking.) 6 There are some discrepancies between the theoretical and observed reflection coefficients in Fig. 5 . The slight asymmetries are partially due to imperfect adjustment of the delay line. In addition, the asymptotic behavior of Im(C) is influenced by the fact that the delay line is not a perfect, frequency-independent phase shifter. The phase shift variation with frequency can be calculated, and improves the agreement between the theory and observations, as shown in Fig. 5 . Although the theoretical reflection coefficient is
We note that due to the nature of the cavity design, the cartridges can rotate slightly or loosen, while the setup is changed between measuring the resonance and the mixed signals, which causes the quality factor and/or the coupling constant to change. (We assume that the coupling constant j ¼ 1.) In another design, we tapped a hole directly into the lid of the cylinder so that there are no cartridges involved and the angles of the loops are fixed. This configuration might be more desirable, because it provides more reliable parameters for the theoretical calculation. 
V. MODULATION OF THE VOLTAGE CONTROLLED OSCILLATOR
where J m (b) is the Bessel function of order m. For the assumption that b j j ( 1,
In this limit, the output of the voltage controlled oscillator consists of three Fourier components with angular frequencies x, x þ X, and x -X. The x 6 X components are called sidebands, and the central frequency is the carrier. The power in each component can be determined using the relation
P 0 , where P c is the power distributed to the carrier, P s is the power distributed to each sideband, and P 0 is the total power.
It is desirable for students to confirm that modulation of the voltage controlled oscillator creates sidebands and that their powers have the expected dependence on b. This confirmation would usually be achieved using a relatively expensive RF spectrum analyzer. Alternatively, the cavity can be used as a transmission filter and the dc offset voltage of the voltage controlled oscillator scanned to observe the carrier and sideband powers (see Fig. 6 ). Data collection is accomplished by computer control of a digital oscilloscope (Tektronix 2012C) and a function generator (Agilent 33120A). The function generator is used to apply both the modulating RF signal and dc offset V off to the tuning port of the voltage controlled oscillator. A PYTHON program (using the PyVisa module 14 ) triggers the oscilloscope and then repetitively steps the dc offset of the function generator, thereby sweeping the carrier frequency. The output of the voltage controlled oscillator is sent to the cavity which acts as a filter. The signal transmitted through the cavity is amplified and then detected using a diode detector. As each of the Fourier components sweeps through the resonant frequency, an increase in detector diode voltage is seen on the oscilloscope. The oscilloscope is setup to take only one trace per trigger so that students can read the detector diode voltages corresponding to the carrier and both sidebands directly off the oscilloscope display after the program ends. The observed diode voltages are then converted to power.
This cavity filter method is suitable only if the powers of the carrier and sidebands remain unchanged as V off is varied. As Fig. 7 shows, both the cavity filter and RF spectrum analyzer methods show good agreement with the expected relation.
Larger values of b show more features of the Bessel functions, and thus are more desirable. With the magnitude of V amp constrained by the function generator output voltage and voltage controlled oscillator tuning port voltage limits, higher values of b must be achieved by working with smaller X. The lower bound on X is given by the bandwidth of the cavity filter. In this case, we found that X/(2p) ¼ 6 MHz is a good compromise.
VI. POUND-DREVER-HALL LOCKING
Once the cavity reflection coefficient and frequency modulation of the voltage controlled oscillator have been studied, the students have a good basis for understanding the PoundDrever-Hall technique. A derivation of the Pound-DreverHall signal has been given by Black, 3 which we briefly summarize here. We begin by assuming that the voltage controlled oscillator has only three Fourier components (valid for small b). When the voltage controlled oscillator output reflects from the cavity, each frequency term will pick up a reflection coefficient C. Therefore, the total reflected power,
It is useful to examine the situation when the voltage controlled oscillator frequency is close to the cavity resonance, that is, x À x 0 ( X. In most Pound-Drever-Hall implementations (including this experiment) it is normal that the modulation frequency is much greater than the cavity linewidth, that is, X ) dx, so we can make the approximation (see Fig. 5 
and Im½CðxÞC Ã ðx þ XÞ À C Ã ðxÞCðx À XÞ % À2iIm½CðxÞ:
Both theoretically [Eq. (8)] and experimentally (Fig. 5) , we know that Im[C(x)] is antisymmetric about the resonant frequency. Therefore, it can be used as an error signal in a feedback loop to control the voltage controlled oscillator frequency. Its sign indicates whether the voltage controlled oscillator frequency should be lowered or raised to keep it matched with the cavity resonance. In the diode output this desired error signal is modulated by sin(Xt), so it must be converted to dc and isolated from the rest of the terms in Eq. (13) . This function can be performed by mixing the output of the diode with a sin(Xt) reference signal and subsequent filtering. The sin(Xt) reference can be obtained by splitting off a fraction of the voltage controlled oscillator modulation source output and applying an appropriate phase shift.
In optical implementations of Pound-Drever-Hall method, the reflected power from an optical cavity is detected by a photodiode, and Eq. (13) is an expression for the photocurrent. In this all RF method, we use a Schottky diode detector (Pasternack PE8000-50) for the same purpose (see Fig. 8 ).
To verify that the Pound-Drever-Hall method provides a suitable error signal students scan the voltage controlled oscillator frequency by applying a ramp to its tuning port, with RF modulation added through a bias T. A full scan, shown in Fig. 9 , shows the characteristic features of the Pound-Drever-Hall error signal. 2 We can compare the observations to theory:
where C(x) is given by Eq. (8) . Using the previously determined resonance frequency, Q U , and j ¼ 1, the only fitting parameter required is an overall scale factor, provided b is sufficiently small. As discussed by Black, 3 the optimal value of b is 1.08. However, in the experiment, a small b (%0.3) is used to reduce the magnitude of the higher-order features in the Pound-Drever-Hall spectrum.
There are four main factors which contribute to the difference between the theoretical model and the observed error signal. One is the phase of the 10 MHz reference, which if set incorrectly causes the slope on resonance to decrease. Second is a slight asymmetry of the sidebands (primarily caused by the frequency dependence of the circulator), which results in an asymmetry in the error signal. Third are secondorder effects due to the second sidebands. This effect causes the zeros located 20 MHz from the resonant frequency. Lastly, the diode detector and mixer are not ideal devices.
We also note that errors in the determination of the quality factor and coupling factor, j, might also be important, especially because changes in the setup can cause the coupling loops to shift slightly. Similar to the measurement of the real and imaginary parts of C, we have found that calculating the Pound-Drever-Hall error signal without assuming j ¼ 1 does not improve agreement.
As noted, the interferometric Im(C) signal provides a suitable error signal for frequency stabilization of the voltage controlled oscillator to the cavity. However, this method is not practical in the analogous optical case, where the relative signal and reference phase paths would have to be stabilized to within an optical wavelength. An advantage of the PoundDrever-Hall technique is that the three Fourier components travel along the same path, and thus share a common phase. The phase difference between the reference and modulation at X is important, but significantly less demanding to control (X/(2p) ¼ 10 MHz here). In this context, it is useful to have students confirm-by the use of long coaxial cables-that the Pound-Drever-Hall signal depends on the relative phase of the 10 MHz signal, but that the sensitivity of the error signal to cable length is much less than for the interferometric setup (where an adjustable delay line was used to adjust the phase of the 800 MHz reference arm).
Once the error signal is observed, the students proceed to lock the voltage controlled oscillator using a simple integrator feedback control loop (see Fig. 8 ) and can experiment with the influence of the gain and error signal polarity. While doing so, it is useful to monitor the power transmitted through the cavity to confirm locking.
An extension of this experiment could investigate the ability of the Pound-Drever-Hall technique to correct for rapid variations in the frequency of the source to be stabilized.
3
More specifically, phase noise suppression could be investigated by the injection of an additional noise modulation source into the tuning port of the voltage controlled oscillator.
VII. MEASUREMENT OF LINEAR THERMAL EXPANSION COEFFICIENTS
It is possible to use the locked voltage controlled oscillator to find the linear thermal expansion coefficients of copper, aluminum, and super invar. We begin by assuming that the approximate resonant frequency for a quarter wavelength coaxial cavity with an air dielectric is
where c is the speed of light and L is the length of the cavity. The change in frequency as the temperature, T, changes is
Because (dL/dT)/L is the linear expansion coefficient, Eq. (17) expresses a relation between the resonant frequency and the linear expansion coefficient. When the voltage controlled oscillator is locked to the cavity, it will track the resonant frequency. Therefore, to find the linear expansion coefficient, we heat the cavity and measure the output frequency of the locked voltage controlled oscillator as well as the temperature, while the system is in a Styrofoam box. The slope of a plot showing the frequency of the locked voltage controlled oscillator as the temperature changes and the average temperature provides the necessary information to determine the linear expansion coefficient according to Eq. (17) . This procedure can be done for various materials by constructing the inner cylinder out of the desired material, provided its conductivity is sufficiently high. As shown in Fig. 10 , the thermal expansion coefficients of copper and aluminum are readily distinguished. It is also possible to observe the much lower thermal expansion coefficient of super invar (32-5 type, 15 with a silver plating of 5 lm). Figure 10 shows that the frequency-temperature relation is erratic at low temperatures when the heating is initially applied. This behavior is worse without an insulating Styrofoam box and can be reduced by using a circulating fan. The erratic behavior is possibly related to initial temperature gradients and mechanical stresses. By heating the air rather than the cavity directly, we expect that these effects can be removed. We did not do so in the undergraduate experiment due to time constraints. If the air within the resonator is heated, we note that the influence on c in Eq. (16) must be accounted for. 17 The fractional change in frequency due to air temperature is on the order of 10 À6 C
À1
. Once the frequency shows a well-defined relation to temperature, a linear fit is used to determine the relation between frequency and temperature which is used to calculate the coefficient of linear thermal expansion from Eq. (17) . The results are shown in Table I The measured linear thermal expansion coefficients are systematically larger than the accepted values by approximately 0.5 Â 10 À6 C
, possibly due to inadequate insulation of the cavity temperature sensing element. This effect could be reduced by heating the air surrounding the cavity, rather than the cavity directly.
VIII. IMPLEMENTATION
The total cost of implementing this experiment was approximately $7000. All items were bought new, with the exception of the frequency counter and adjustable delay line (both of these were obtained from used test-equipment dealers). Many of the components employed are generic and may be available in a standard undergraduate physics laboratory (frequency counter, oscilloscope, and function generator). Fabrication of the resonator was straightforward and requires access to a lathe, milling machine, and a drill press. The outer cylinder was cut from a tube of the required size to minimize the required machining. The brass cartridges were manufactured using a computer numerical control (CNC) mill; it is possible to create these using a conventional milling machine and a lathe if a CNC mill is not available. The super invar inner cylinder was silver plated by a local shop for $250.
IX. CONCLUDING REMARKS
To date, this experiment has been performed by six groups of undergraduates at the University of Waterloo. To complete the entire experiment typically takes two sessions of approximately 4 h each. In an abbreviated single session, the voltage controlled oscillator can be locked to the cavity using the interferometric technique, and thermal expansion measured using this lock. We omit an investigation of voltage controlled oscillator modulation and the Pound-DreverHall error signal.
The Pound-Drever-Hall technique is primarily confined to use in laser physics. A broader appeal of the experiment is that students gain familiarity with using modular RF components such as mixers and splitters. To assist the students with minimal direct involvement we have developed enhanced web-based apparatus diagrams, 18 which students consult when doing the experiment. As a cursor is moved over the components in a diagram such as Fig. 8 , a photograph of the physical device appears, together with the manufacturer's part number and links to additional information.
Although designed for undergraduates, this experiment is also useful for new graduate students and researchers who are interested in learning about Pound-Drever-Hall locking and locking to optical cavities in general. For example, interferometric observation of the reflection phase shift (see Fig. 5 ) provides insight into the Hänsch-Couillard locking technique. 19 
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